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1. INTRODUCTION.

Since the direct solution of systems of linear equations

by elimination is now well understood when the matrix is full

or band, attention has turned to the problem of elimination

of systems when the matrix is arbitrarily sparse. When the

sparse matrix arises from the discretization of an elliptic

partial differential equation, it has a special structure and

special properties which make iterative methods attractive.

Even here, however, one Can often find an ordering of the

equations which makes elimination competitive (George[3]).

But all too frequently the matrix has an arbitrarily sparse

structure, e.g. in network analysis and econometric problems.

Here we present an error analysis of (point) Gaussian

elimination when the matri., is arbitrarily sparse. The anal-

ysis is presented in terms of the structure of the elimina-

tion graphs arising in the elimination process. The only

assumption we make is that the leading principal minors are

non-zero, i.e. that the (1,1) entry in each reduced matrix

is non-zero (cf. Forsythe and Moler [2], pp. 27-36).

Since the graphs of band and full matrices are special

elimination graphs, the error analyses for band and full

matrices follow as special cases.
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2. MATRICES AND GIAPHS.

Let M be an nxn matrix with non-zero leading principal

minors; hence M is non-singular and the LU decomposition of

M exists and is unique. If M is symmetric, then M=LDLt

Rose [4] associated an undirected graph with a sym-

metric matrix and internreted the LDLt factorization graph-

theoretically by undirected elimination graphs. Bunch and

Rose [1] made the extension of the association of directed

graphs with general square matrices and of the interpreta-

tion of the LU factorization by directed elimination graphs.

The directed grap of M, G(M)=(X,a), with verLex set

X and arc set a,is defined as follows: a vertex xi eX is

associated with row i of M, and (xi,x.)Ea (an arc from x.

to x. is in G) if and only if mi-O and iij. The vertices
. n

X are rerqarded as ordered; i.e., X={xi i=I.

Let the matrix M be written as M= , where a

is lxl, r and c are (n-l)xl and B is (n-l)x(n-l). Then

the first step of the LU -factorization of M can be written

as

M /a [1 B-crt/a
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If G(1) is the directed graph of M, the elimination

SG y i s o b t a i n e d f r o m G b y d e l e t i n g y t o g e t h e r w i t h

its incident arcs and adding an arc (x,z) whenever there

exists a (directed) x, z path of length 2 containing y.

G is the graph of the matrix obtained by 'eliminating"

the variable corresponding to y in Gaussian elimination;

e.g., G is the graph of B-cr t/a. The accidental cre-x1

ation of zeros .euring the elimination process is ignored.

For a more detailed discussion, see Bunch and Rose [1],

Section 2.

Let GI,...,Gn_1 be the sequence of elimination

graphs defined recursively by G0 =G(M) and G i=(Gi-1)xi.

Let 091 be the number of elements in the set0. Let

ri=I {YX i-I: (xiY) 1i-I, 1i-l=(Xi- 'i-ai )I and

c=I {Y= X i-i: :(yxi) sai-i Gi-I= (Xi-I •i- )I II bo the out-

degree and in-degree, respectively, of vortex xi in the

elimination graph G i_.

Note that ri+l, ci+l is the number of non-zero ele-

ments in the first row, column of the reduced matrix of

order n-i+l, i.e. the reduced matrix whose graph is Gi_.

Define e i1l if there is an arc from xi to Xk and

e kil if there is an arc from xk to xi in GiI. Other-

wise, let elk=O and eki=0. We count a division as a mul-

tiplication and a subtraction as an addition.
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When M is symmetric, then ri=ci-di., and Rose (4] has
1 1n-i

shown that the factorization M=LDLt requires E di_ (di+3)/2

n-i
multiplications and E di (di+1)/2 additions, while the

ti=l -i=1 1n-i

backsolving of LDLtx=b requires n+2 E di multiplications

n-i 1  
1

and 2 Z d. additions.
i~J.

When M is general, Bunch and Rose [11 have shown

that the M=LU factorization requires

n-i
£ (ri+i)c i multiplications and

i1=l

n-i

E rici additions, while the
i-i 1

backsolving LUx=b requires

n-i
n+ E (ri4ri) multiplications and

i=l

n-i
F (ri+ci) additions.
i=1

Examples: Let Ml be an nxn matrix.

(1) If M is symmetric and full, then di=n-i and solving

t n-i 13 3n2 2Mx=LDL x=b requires n+ E d.(d.+7)/2= ýn + n - •n multiplica-

n-l i=l
tions and E di(d.+5)/2 = in' + nn +additions.
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(2) If M is symmetric and band, with bandwidth 2m+l,

then di=m for l<i<n-m and di=n-i for n-m+l_<i<n-l. Solving

M=Dt 12 7 1 3 -a 2 _5Mx=LDLtx=b requires (s2M + 7m + 1)n s 2m2 mul-

tiplications and 12+ n 13 - 2-m additions.

(3) If M is general and full, then ri=n-i=ci and
n-l 13 2

solving Mx=LUx=b requires n+ E (rici+2ci+r i)= -n + n -

n-l = 1n3 12
multiplications and Z (rici +ci+ri + in- -5n additions.

i=l

(4) If M is general and band, with bandwidth 2re+l, then

ri=m=ci for l<i<n-m and ri=n-i=ci for n-m+l<i<n-i when no

pivoting is needed, while ci=m for l<i<n-m, ci=n-i for

n-m+l<i<n-l, ri<2 m for l<i<n-2m, ri<n-i for n-2m+l<i<n-l,

when partial pivoting is used. Solving Mx=LUx=b requires

(M 2+3m+ l)n - 3m - 2m2 - 4m multiplications and
3 3

(m2+2m)n- 2m - m2 - 5m additions when no pivoting is

2 133 2 1
needed, and <(2m +4m+l)n - - 4m2 - T-r multiplications

2 13 3 7 2 4and <(2m2+3m)n - m -M m - 4m additions when partial

pivoting is used.
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3. ERROR ANALYSIS OF TRIANGULAR FACTORIZATION.

n
Let IIXiI- max Ixil , (IMIK =- max Z Imiji,

J.<i<n l<i<n j=1n n

IIx1 1 - E IxiI - max Z = If M=Mt, theni=l i_< j_<n i=1

I MI! t I I .M -

Due to the finite precision arithmetic, we obtain the

triangular factorization of a perturbation of M, i.e. LU=M+F.

Let M(_M. Then the elimination is defined sequential-

ly for l<k<n-l by the following: given M(k), let L(k) be de-

fined by £k)=l for l<i<n £(k)_f£((k) (k) f _

M ik - mik (k k) for k+l<i<n

0 !)=0 otherwise, then M(k+)-f£((L(k)) FM(k)) i.c. M

0 for k+l<i<n, j=k

f i.j ik rkj ) for k+l<i, j_<n

m (k) otherwise.ij

Then U=M(n) and L=L(1)L( 2 ) ... L(n-l), i.e.

0 for i<j

Lij 1 for i=j

L j. for i>j

m~~~~~~3 jm, n•rm
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Following the notation of Forsythe and Moler [2], §21,

lot u be the unit round-off, e.g., u= 1 - for rounded

operations in t digit, base 8 arithmctic. Then

!k)_ (mik) /k)) (l+8.ke.k), where 16ikI<u orik- mik 'k -- i k 'u

0 = m(k)_ k (k) m(k) (k) (k) k)for"i1 ik A kk 'ik ' where •ik -- ik 6 ike ik

k+l<i<n, and for k+l<i, j_<n:

m(k+l) . Z( ()£(k) (k) (I. 0 )/( e
1 = i- ik k9 ij ikekj l i Akkj

where .!=0, I SiJI <u for 2<i<n, IS. .I <u for l<i, j<_n, or

m!ý+l) ~ ~ ~ ~ 1 =-~)tkmk+:k

13 ij ik kj ij

where eij - ik kj e13c 9 9 jkekj. Let !kijk

ij k kj ij 'j-1 ikkj 1)

otherwise.

Let I(k)I<, for all i, k and Im¶ik<a for all i,j,k.

Then I i~k) <_aueik for k+l<i<n and ls!) I_:.+l) aueke for

k+l<i, jn.

Let F(k)=M(k+l)-M(k) +L (k) M(k) for l<k<n-l;

i-I
n-i u((+l)E e e for i<j

then F= Z F(k) and I _ij. k=1 ik k3 f

k=l j-i
l(-'I)a Z eike k+ue ij for i>j
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Thus, IIFII,,<ua max E e i +(¶+1{ E ~eike kj+y Z Eeik ekj*

1<ji <n 3=1j3+=1 'J kk=i+ k=1

and UIFII <:ua max Z e..i+(T+l)EiTE. ik' e i+ eike kj

If M=M tand LDL t=M+F, then F=Ft , e. .j=e. for all i,j,

i-i j-1
lpij.:U(Tl~F Ee i'JFij..Su'T+i')o E e. e k+ucye.i for i>j,

k=l k=l kk i

IF.i 1.ýu (r+l)c a e. ikeik +uaeii for i<j, and IIFIK ..=1I I I 1=

n n Ij-l -
max E ~i2 .u max Z e. .+(T~l ~ eik e~k+ E e i
l<i<n j=l 1) lri<n j=J. j' k=l J k-l1

n i.

j=i+l k=l1
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4. ERROR ANALYSIS OF BACKSOLVING.

Solving Ly=b, where L is unit lower triangular, we ob-

tain the exact solution of (L+6L)y=b. Here yi=bi and

(ii(l+6 iy-.-., ib)(+.) where

i-i6 1=0, I~j.I<u for 2<i<n, 16 ilI.:l.Olu(l+ Z e kl)e i1 for 2<i<n,
k=2

i-i
kij 1I.Oi.0u(l+ E e k')e.. for 2<j<i<n. Then

k=j+l 1
n

16LII11<1.Olu maxi qjI max 16 j. .1 j<
- ~itj l<j<n i:=j ~

1 1
l.Olu~max{fcl(cl1l) , max_ 1-fc.(c.i+1)+l1} since

2<j<n-1

n n i-i
E I6~ilK1.Olu E (1+ E e kl)e il~l.Oiuc 1(C 1+1)/ 2 and

i-l i=2 k=2

n n n
E j6. .Iýl.Olu {J.+ E (1+ E~l ekj)e ij =l.OlU(2-c.(c.+l)+l1j~j 1)-i=j+l k=jl

i-i
for 2<j.ýn-l, while I6LI I ,l.OluT max {e il+ E e kl e

l<i<n iik=2
i-i i-i -n-1 n-i

j= 2  k=j]k+ll j=2 =lOutl I .

Solving Ux=y, where U is upper triangular, we obtain

the exact solution of (U+cSU)x=y. Here x n:-'f(y un

Yn /Eunn (1+6nn)]I and x i=ft {7 i~i+lxi+l-I O- in xn +yi)
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-u111~1 (1+S1 ,1~1 )x1~ i ~***'-uin(l+6in)xn+y. 2

where 6A=0, 6jvij <u for 1<i<n-1, 1611~ for 1<i<n,

n-i
I6inIl*Ol.0u(1+ E e kn)ein for l<i<n-1, and

k=i+i

j-l
16. .fS1.Olu(2+ E e.kj)e.. for 1-<i<j.ýn-l. Then

1) ~k=i+l))

I
I ISul I 1 <maxl ui I1 max {I 16.1j+ E I S.j1 <

j-1 j-1 n-i n-i
1.Oiuamax{ max (2+ Z (2+ E c k')e.j], 1+ E (1+ Z ekfl)elflh,

n
while II6UIK <Taxluij.1 max Ila!.,+ E 16.11) <

n-1 j-J. n-1
i.Olua max {2+ E (2+ E ek.)e..+(l+ E e )e1 ~ <

1<i<n-l 1n2 i i

1.Olua max {2+ 1Ir. (r.+3).
l<i<n- 1 2 3.1

When I=Mt, U=DLt, ri~ci1 :-d1 and we obtain (D+6D)z~y and

(Lt+ALt)x=z. Here z1=fR.(y1/dii)=yi/[dii(i+6ii)] where 16iij<u

for 1<i<n, so II 6D1I ,=JI6D1I < u maxi d.1J=up, where p=uaxj d1
001 1. i
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IIALtIj5.ý1.O1UT max{ max El+ E (1+ Eek~jlo E. E ek+I.

and I I LtjI ,,<.1olur max_ {1=d (+1)1
1<i<n-1 2ii
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5. ERROR ANALYSIS OF' ELIMINATION..

Solving Mx=b in finite precision, we obtain the exact

solution of (M+Sm)x=b, where 6M=F+(6L)U+L(6U)+(6L)(6U), or

when WM ~t , 6LNI-F+LD (AL t)+(L(6D)÷'(6L)D+(6L)(6D)]jL t+AL 3.
i-i

IILI I .ýl+T max c, <1IJj+T max E .<+nlT

n
I I ulI 1..a (1+ max +l Z e~)<na, I U1 ,I<a (1+ max r.) ,

Iin1 j=i1 1<j.ýn-l

IlLti j=IJLJII iILt! l.J JLJI~l and IjDJII,=IIDII,,p.

,inThus, in general, 116M 1 1.<l.Olua(,max E +1e i

n- j-1

+ma i= ( k.Ixc2l k=i+l k~i

ni j n-1 2i i1in1jil1

1+ E: (1+ E I e kn)e in) (1-t- max c.

+l.OlUT max [l+,ýc-(cj+1)])) 116IMII. can be bounded
1<j.ýn-l

similarly. Similar bounds are obtainable when M=Mt.
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6. THE BAND AND FULL CASES.

When M is a band matrix with bandwidth 2m+l, then e i=0

for i i-j >m; under Gaussian elimination with partial pivoting,
eij=0 for i>j+m and for i<j+2m.

With no pivoting, JJF11 <au[m+(T+l)m 2], I ILII,<l+m¶,

121116LIII <l0lu¶ [r 2+½-m+l], IIU1I <(m+l) a, and 1101

l.O1ua[lm2 +-m+2]; thus I MISIM <l.Olua{Tm3+1(5T+3)m2 +

114 39252 (7T+5)+T+2+1.OluT( m +m +jm +-rm+2)}.

If M is diagonally dominant, then T<., a<2, and 116MI1.,<
3 2 14 3921.Olu{2m +8m +12m+4+l.0lu(rm +2m +rm +5m+4)}.

With partial pivoting, x=I, a<2
2m-l-(m-l) 2 m- 2 (Wilkinson[5]),

'F2 3.c 2 21]21

(2m+l) a, and I I SUl <l.Olua[2m2 +3m+2] ; thus II 61MI.5<
1.]u{3m3 23 2 23 lu4 5 3 9 2

l.Olu +-2m +--m+3+ (m +-m +2 m +4m+2)}.

When M is full, eij=l for all ij. Thus IIFI. <_

Ua{r-l+(T+I) (rn 2 - 1 n) }=Vuon[(T+1)n-T+I], I ILlI ,<+(n-1)-,

I IUII•<nO, I4. LI•'0unn-1)/2+1], 11 6UI I <1l.0uan(n+l)/2,

and II6MIK5<l.01lu[Tn 3+n 2+(2-T)n+l.01uT(n 4+2n 2+2n)/4].

WiLh partial or complete pivoting, T=l and II 6M1 I _.

l.Olur[n 3+n 2+n+l.Olu(n 4+2n 2+2n)/4].
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7. REMARKS.

From §M3-5 we see that the error matrix arising in sparse

elimination depends on the fill-in occurring during elimina-

tion. In the band case we know a priori the structure of the

matrix. However, in the arbitrarily sparse case we must view

elimination in the context of optimal ordering, i.e. an or-

dering of the equations so that fill-in is minimized. Given

a fixed ordering, our analysis here bounds the errors occur-

ring in the computation.
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